Feedback Regulation of a Logistic Growth with Variable Coefficients  by Liao, Liusheng
Ž .Journal of Mathematical Analysis and Applications 259, 489500 2001
doi:10.1006jmaa.2000.7420, available online at http:www.idealibrary.com on
Feedback Regulation of a Logistic Growth
with Variable Coefficients
Liusheng Liao
Department of Mathematics, Chenzhou Teacher’s College, Chenzhou, Hunan, 423000,
People’s Republic of China
Submitted by Thomas Gard
Received April 17, 2000; published online June 11, 2001
Sufficient conditions are established for the global asymptotic stability of the
steady state of a regulated logistic growth with variable coefficients in the state
feedback of the control modelled by
dn t n t Ž . Ž .
 r t n t 1  c tŽ . Ž . Ž .
dt k
d tŽ .
a t  bn t  ,Ž . Ž .
dt
where  denotes an indirect control variable; k,  , a, b, and c are positive
Ž . Ž . Ž ..constants; and r t  C 0, , 0, . Some known results are generalized and
improved.  2001 Academic Press
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1. INTRODUCTION
Consider the system
dn t n t Ž . Ž .




a t  bn t  ,Ž . Ž .
dt
where  denotes the control variable; k,  a, b, c are positive constants;
Ž . Ž . Ž ..r t  C 0, , 0, such that
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exp r s ds  , for all large t . 1.3Ž . Ž .Hž / bckt
Ž . Ž .It is easy to show that 1.1 has a unique nontrivial steady state n*, * ,
where
ak bk
n* , * . 1.4Ž .
a kbc a kbc
It is assumed that the initial conditions are of the form
  n s   s ,  C  , 0 , R ,  0  0,Ž . Ž . Ž .Ž .
1.5Ž .
 0    0.Ž . 0
By using the method of steps, one can easily prove that the solution of
Ž . Ž .1.1 and 1.5 is defined and remains positive for all t 0.
Ž . Ž .In the case where r t  r 0, 1.1 has been studied by several
   authors; see for example 13 . The following result appears in 1, 2 .
THEOREM A. Suppose that the conditions
bck




rk  e  1.7Ž .ž /a n* 2
Ž Ž . Ž .. Ž . Ž .are satisfied. Then e	ery solution n t ,  t of 1.1 and 1.5 satisfies
lim n t ,  t  n*, * . 1.8Ž . Ž . Ž . Ž .Ž .
t
 This result was improved by Lalli et al. in 3 with the following theorem.
Ž .THEOREM B. Suppose that 1.6 and
bc r bc r bcr
2k    
 1 1.9Ž .ž / ž /a n* a n* a
Ž .hold, then 1.8 is also true.
Ž .In this paper we generalize the above result to the case where r t 
Ž . Ž ..C 0, , 0, . Our main results are the following.
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Ž .THEOREM 1.1. In addition to 1.3 , suppose that the condition
bckt
r s ds
  1 for all large t 1.10Ž . Ž .H at
Ž Ž . Ž .. Ž . Ž . Ž .is satisfied. Then the solution n t ,  t of 1.1 and 1.5 tends to n*, *
as t .
Ž .COROLLARY 1.1. Assume that r t  r 0,
bc r
k   1, 1.11Ž .ž /a k
Ž . Ž .and 1.6 hold. Then 1.8 is true.
Ž . Ž .Remark. It is obvious that 1.11 is much better than 1.9 . This shows
that our results generalize and improve the known results.
2. A USEFUL LEMMA
We establish a lemma as follows.
Ž .LEMMA 2.1. Suppose that 1.10 holds. Then the system of inequalities
kbc 
y




 n* y exp  y  n*ž / ž /a n*
Ž . Ž .has a unique solution, x, y  0, 0 in the region
an*
D x , y : x 0, 0
 y .Ž .½ 5kbc
Ž . Ž . Ž .Proof. Obviously 0, 0 is a solution of 2.1 . Assume that 2.1 has
Ž .another solution x , y in the region D. Then x  0, 0 y  an*kbc.0 0 0 0
Define the curves
kbc 
 : y n* x exp x  n*,1 ž / ž /a n*
kbc 
 : x n* y exp  y  n*.2 ž / ž /a n*
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For  ,1
dy bck kbc 
   x exp x  0 for all x 0ž / ž /dx a an* n*
dy bc 1
0  k    1,ž /Ž .dx a k0, 0
and
d 2 y  2kbc kbc 
   x exp x  0 for all x 0.2 ž / ž /n* a an* n*dx
For  ,2

exp yž /dy an*n*  0 for 0
 y
 ,bck bckdx kbc  y
a an*
n* 
exp y2 ž /d y an* n*
  0 for 0
 y
 ,2 2bck bck kbcdx    y
a an*
dy 1
  1.bc 1Ž .dx 0, 0
k  ž /a k
Ž .Hence  lies above  near 0, 0 , and once  gets out of the region D it2 1 2
Ž .will not go back to D any more. The existence of x , y implies that the0 0
Ž .curves  and  must intersect at a point in the region D besides 0, 0 .1 2
Ž .Let x , y be the first intersection point; i.e., x is the smallest. Then the1 1 1
Ž .slope of  at x , y is no less than that of  , i.e.,1 1 1 2
kbc kbc 1
 x  n*1  x e  . 2.2Ž .1ž / kbc kbca an*  y  n*1  y e1ž /a an*
Since
an*
0 y  ,1 kbc
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then
kbc kbc
 y  n*1  y e  0.1ž /a an*
Ž .From 2.2 , we have
kbc kbc kbc kbc
Ž  n*.Ž x y .1 1e   x   y  1. 2.3Ž .1 1ž / ž /a an* a an*
Set
kbc
Ž  n*. x x  n* x e  n* x . 2.4Ž . Ž .ž /a
Then
 0  0 and  x  0, for x 0,Ž . Ž .
since
bc 1
k    1.ž /a k
Thus
 x  0 for x 0 and x   y  y  y .Ž . Ž .1 1 1 1
Ž .By 2.3 we get
kbc kbc kbc kbc
  y   y  1,1 1ž / ž /a an* a an*
i.e.,
2 2bkc kbc
   y  1.1ž / ž /a an*
Ž .From 1.10 we have
22 2kbc kbc bc 1
y     1 k    1 0,1ž / ž / ž /an* a a k
which is impossible. This completes the proof.
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3. PROOF OF THE THEOREM
Ž Ž . Ž .. Ž . Ž .Let n t ,  t be the solution of 1.1 and 1.5 . It is easy to show that
Ž . Ž .n t  0,  t  0 for all t 0. Set
	  lim sup n t , 	  lim inf n t . 3.1Ž . Ž . Ž .1 2
tt
 Using a method similar to that used in Lemma 4.1 in 2 , we know that 	1
and 	 are positive and finite.2
Now we claim that 	  	 . Otherwise, there are three cases to be1 2
considered:
	  	  n*; n* 	  	 ;1 2 1 2
	 
 n*
 	 i.e., 	  	  n*; 	  n* 	 ; 	  n* 	 .Ž .2 1 1 2 1 2 1 2
Ž .Case 1. 	  	  n*. For any 
 with 0 
 b	  a b , there1 2 2
exists a sufficiently large t  0 such that1
0 	  
 n t   	  
 , t t . 3.2Ž . Ž .2 1 1
Ž .Thus, from the second equation of 1.1 , we have
ta t at as1 t  e  t e  b n s  e dsŽ . Ž . Ž .H1
t1
ta t at as1
 e  t e  b 	  
 e dsŽ . Ž .H1 1
t1
b 	  
Ž .1at at at at1 1 e  t e  e  eŽ . Ž .1 a
b 	  
Ž .1 as t 
a
and
b 	  
Ž .2at at at at1 1 t  e  t e  e  eŽ . Ž . Ž .1 a
b 	  
Ž .2 as t .
a
Therefore, we may choose a t  t such that2 1
b 	  
 b 	  
Ž . Ž .2 1
0  
  t   
 , t t . 3.3Ž . Ž .2a a
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Assuming that
b 	  n*Ž .2

min , 	  
 ,2½ 5a b
we have
b 	  
 b	  a b 
 bŽ . Ž .2 2
 t   
  n* *, t t ,Ž . 2a a a
and
n t   	  
 n*, t t ,Ž . 2 2
which implies that
dn t n* bcŽ .
 r t n t 1  n*  0, for t t .Ž . Ž . 2ž /dt k a
Ž . Ž .Thus n t is strictly decreasing for t t and hence lim n t exists, so2 t
this is a contradiction.
Ž .Case 2. n* 	  	 . Similarly, we can show that n t is strictly1 2
Ž .increasing for sufficient large t and lim n t exists, too, which leads tot
a contradiction.
Ž .Case 3. 	 
 n*
 	 i.e., 	  	  n*; 	  n* 	 ; 	  n* 	 .2 1 1 2 1 2 1 2
Now let
bc x
f x  k 1 x exp  1 .Ž . ž /ž /ž /a n*
Next we show that 	 and 	 satisfy the inequalities1 2
	  f 	 3.4Ž . Ž .1 2
and
	 max 0, f 	 . 3.5 4Ž . Ž .2 1
Ž . Ž .Substituting 3.3 into the first equation of 1.1 , we get, for t t ,2
dn t n t  b 	  
Ž . Ž . Ž .2
 r t n t 1  c  
Ž . Ž . ž /dt k a
b 	  
Ž .2 r t n t 1 c  
Ž . Ž . ž /a
n t Ž .
 1
b 	  
Ž .2




dn t b 	  
Ž . Ž .1 r t n t 1 c  
Ž . Ž . ž /dt a
n t Ž .
 1 .
b 	  
Ž .1
k 1 c  
ž /a
Set
b 	  
Ž .2
1 c  
    0 ,Ž .1ž /a
b 	  
Ž .2
1 c  
   .2ž /a
Then we have
dn t n t Ž . Ž .

  r t n t 1 , t t , 3.6Ž . Ž . Ž .1 2dt k1
and
dn t n t Ž . Ž .
  r t n t 1 , t t . 3.7Ž . Ž . Ž .2 2dt k2
Ž . Ž .From 3.6 it follows that n t cannot   k eventually. Thus we first1
Ž .assume that n t 
  k eventually, that is,1
b 	  
Ž .2
	 
  k k 1 c  
 .1 1 ž /a
Since 
 is arbitrary, it follows that
bc
	 
 k 1 	 ,1 2ž /a
Ž . Ž .which along with 	  n* implies 3.4 . Then we suppose that n t oscil-2
Ž .lates about  k in the sense that n t   k has arbitrarily large zeros.1 1
 4There exists an increasing sequence of point s such thatm
s  t , lim s  , and n s   k . 3.8Ž . Ž .m 2 m m 1
m
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Ž . Ž .In each interval s , s the n t  k has both positive and negativem m1 1
Ž .values. Let  be the point in s , s such thatm m m1
 n  max n t : t s , s . 4Ž . Ž .m m m1
Then
n    k , n   0, and lim sup n   	 . 3.9Ž . Ž . Ž . Ž .m 1 m m 1
m
Ž .This along with 3.6 shows that
n    
  k , m 1, 2, . . . . 3.10Ž . Ž .m 1
Ž . Ž .On the other hand, in view of 3.6 and 3.2 , we get
dn t 	  
Ž . 2
  r t n t 1 , t t ,Ž . Ž .1 2ž /dt  k1
or
dlnn t 	  
Ž . 2
  r t 1 , t t . 3.11Ž . Ž .1 2ž /dt  k1




  k exp  1  , m 1, 2, . . . .Ž .m 1 1 ž /ž / k1




  k exp  1  .1 1 1ž /ž / k1
Then, letting 
 0, we get
bc bc 	2
	 
 k 1 	 exp 1 	 1 1 2 2ž / ž / bca a 
 0
 0k 1 	2ž /a
bc 	2 k 1 	 exp  1 .2ž / ž /ž /a n*
Ž .This completes the proof of 3.4 .
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bcŽ . Ž .For 3.5 , if f 	 
 0, i.e., 	  1, then it is obvious. So we just need2 1a
bc aŽ .to suppose that 	  1 or 	  , then we can choose 
 such that1 1a bc
Ž Ž . .  1 c b 	  
 a 
  0. Using a method similar to that above,2 1
Ž .we can easily verify that 3.5 is true, too.
There are two cases to be considered:
aŽ .Case a . 	  .1 bc
aŽ .Case b . 	 
 .1 bc




 f 	 . 3.12Ž . Ž .1 2bc
Set
a
h x  f x  .Ž . Ž .
bc
a aŽ . Ž .  Then we get h 	  f 	   0, and when x 0, ,2 2 bc bc
h x  f  xŽ . Ž .
bck k kbc x
   x exp  1ž /ž /ž /a n* an* n*
bck k kbc a x

    exp  1ž /ž /ž /a n* an* bc n*
bck x
 exp  1  0,ž /ž /a n*





h 0  f 0   ke Ž . Ž .
bc bc
a




0  1,  1  ln ,
a a bck
Ž . Ž .therefore h 	  h 0  0, which is a contradiction.2
Ž .Next, we consider the case b .
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Ž . Ž .By 3.4 and 3.5 , we get
	 
 f 	 , 	  f 	 .Ž . Ž .1 2 2 1
Set
x n* x , y y n*.˜ ˜
Then we know that
x  n* 	 , y  	  n*˜ ˜0 2 0 1
is a solution of the inequalities
kbc 
y
 n* x exp x  n*˜ ˜ ˜ž / ž /a n*
kbc 
x
 n* y exp y  n*˜ ˜ ˜ž / ž /a n*
in region D. According to Lemma 2.1, we know that x  y  0, that is,˜ ˜0 0
	  	  n*,1 2
which is a contradiction which proves Case 3.
Ž .Therefore we have 	  	 . That means lim n t  	 and1 2 t 1
bta t aslim  t  lim e   b e n s  ds  	 .Ž . Ž .H0 1ž /ž / at t 0
Then we have
dn t n t Ž . Ž .
lim  lim r t n t 1  c tŽ . Ž . Ž .
dt kt t
	 bc1 r	 1  	 .1 1k a
Hence we get
	 bc1






lim n t ,  t  n*, n*  n*, * .Ž . Ž . Ž .Ž . ž /at
The proof is complete.
Ž .Applying this theorem to the case where r t  r, we can easily show
that Corollary 1.1 is true.
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